Abstract-The generators of subordinate symmetric (sub-) Markov processes and their domains are exhibited by using spectral theory. The construction preserves sets of essential self -adjointness of the generators.
INTRODUCTION
The theory of (symmetric quasi -regular) Dirichlet forms provides a unified framework for constructing and discussing "nice" processes on finite and infinite dimensional state spaces, even in the case where the associated generators have non regular coefficients. The state space can be an arbitrary Hausdorff topological space equipped with a σ -finite , positive measure. The quasi -regularity property is the analytic counterpart for having càdlàg strong Markov processes (with additional properties, technically making up what are called "m -tight special, standard processes", see e.g. [37] , [1] and references therein). The processes are solutions of corresponding martingale problems, and in this sense the theory extends to singular coefficients, resp. infinite dimensional state spaces
The theory of (symmetric quasi -regular) Dirichlet forms provides a unified framework for constructing and discussing "nice" processes on finite and infinite dimensional state spaces, even in the case where the associated generators have non regular coefficients. The state space can be an arbitrary Hausdorff topological space equipped with a σ -finite , positive measure. The quasi -regularity property is the analytic counterpart for having càdlàg strong Markov processes (with additional properties, technically making up what are called "m -tight special, standard processes", see e.g. [37] , [1] and references therein). The processes are solutions of corresponding martingale problems, and in this sense the theory extends to singular coefficients, resp. infinite dimensional state spaces the well known relations between Feller semigroups, Hunt processes and martingale problems, see [4] , [5] , [6] , [7] , [9] , [16] . Detailed properties, especially with regards to applications, of the processes and generators involved have up to now been worked out especially well for the case of local Dirichlet forms, i.e. for the case of diffusion processes. In many problems however, in mathematical physics as well as, e.g. , in biology and mathematical finance theory, processes with jumps play an increasing rule, see e.g. [21] , [22] , [47] , [50] . The theory of Dirichlet forms provides the possibility of constructing processes with jumps (see e.g. [11] ), associated with non local Dirichlet forms (by Beurling -Deny formula, see e.g. [26] , [37] , any quasi -regular (q.r.) Dirichlet form on a "manifold like" space splits into a local and non local part). However the construction in this way of processes with jumps in the infinite dimensional case or the finite dimensional case with singularities has not been yet pursued with the same intensity as in the case of diffusions. In the present paper we provide a systematic way to construct such examples by subordination, starting from known cases (e.g. diffusions). More precisely, we study subordination of a given quasi -regular symmetric Dirichlet form in the general setting and show that in this way one again obtains a large class of quasi -regular symmetric Dirichlet forms, with known generators and other properties which can be deduced from those of the original Dirichlet form. The technique of subordination was introduced by Bochner in 1952 and applied first in the case of locally compact spaces to construct a (subordinate) sub -Markov semigroup "associated" to a process with jumps, by changing the time (through a "subordinator") of a starting sub -Markov semigroup (see also [14] , [17] , [18] , [20] , [25] , [28] , [29] , [31] , [36] , [45] , [46] and references there). Here we prove that subordination preserves the property of a process to be a symmetric m-tight special standard process. In particular non -local q.r. DFs are obtained by subordinating symmetric diffusion processes, i.e. local Dirichlet forms. We characterize the subordinate processes through the corresponding martingale problems, on any set of essential self -adjointness for the generator of the starting process. Our results hold in infinitely dimensional spaces but yield also new applications for the case where the state space is finite dimensional (especially concerning the domain of the generator of the subordinate process). Some of the results of the present paper were announced in [9] or [44] . In [8] we apply our general results for the concrete construction of SDEs with non Gaussian white noise (and the corresponding unique pathwise solutions) obtained by subordination of (generalized) Ornstein -Uhlenbeck processes.
SUBORDINATION OF SUB-MARKOV SEMIGROUPS
This Section recalls the basic concepts of the theory of subordination of (sub -Markov semigroups), see e.g. [14] , [31] , [45] and references therein for more details. 
A Bernstein function f is (uniquely) represented in the following way:
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This Section recalls the basic concepts of the theory of subordination of (sub -Markov semigroups), see e.g. [14] , [31] , [45] and references therein for more details. is given in terms of a Bernstein function f , through :
with b, c ≥ 0, and µ f a non negative Borel measure on (0, ∞), which satisfies
For the following statement and Definition see, e.g., [45] , [32] 
, with (E, B, m) any measure space. When E is a topological vector space we take B= B(E),
· L 2 (E,m) ) will denote the scalar product (resp. norm) in L 2 (E, m), whenever there is no danger of confusion the notation will be simplified to (·, ·) (resp. · ). 
is called the subordinate semigroup of (T t ) t≥0 with respect to f . It is a symmetric sub -Markov semigroup on L 2 (E, m) ( [42] , [13] , [51] ).
Remark 2.6
Given a sub -Markov semigroup of kernels on a Polish space E there is a sub -Markov process associated to it and viceversa (see e.g. [12] ). 
Theorem 2.7 Let a (sub -Markov) process
M = (Ω, F ∞ , (X t ) t≥0 , (P x ) x∈X ) be= (Ω, F f ∞ , (X f t ) t≥0 , (P f x ) x∈X ) is associated with the subordinate semi- group (T f t ) t≥0 , then X f t has the same finite -dimensional distributions as X y(t) (with X y(t) (ω) ≡ X y(t)(ω) (ω)).
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For the following statement and Definition see, e.g., [45] , [32] (p. 172ff):
Definition 2.2 A stochastic process (y(t)) t≥0 (with state space IR) on a probability space (Ω, F, P ) is a Lévy process in law, if it is stochastically continuous, has independent increments, y(0) = 0 a.s., the distribution of the increments y(t + s) − y(t) does not depend on s. (y(t)) t≥0 is a Lévy process if it is a Lévy process in law, and there is a set L ∈ F with P (L) = 1, s.t. y(t)(ω) is càdlàg (i.e. is right continuous in t ≥ 0 and has left limits in t > 0, ∀ω ∈ L). m) ) will denote the scalar product (resp. norm) in L 2 (E, m), whenever there is no danger of confusion the notation will be simplified to (·, ·) (resp. · ). 
is called the subordinate semigroup of (T t ) t≥0 with respect to f . It is a symmetric sub -Markov semigroup on L 2 (E, m) ( [42] , [13] , [51] ). Remark 2.6 Given a sub -Markov semigroup of kernels on a Polish space E there is a sub -Markov process associated to it and viceversa (see e.g. [12] ). 
Theorem 2.7 Let a (sub -Markov) process
Proof. It is enough to prove
where E x (resp. E f x ) denotes the expectation w.r.t. P x (resp.P f x ) (since the Fourier transforms of finite dimensional distributions determine the whole distributions of (X f t ) t≥0 )).
We first remark that, with
hence (5) holds for the case n = 1. We now verify that if equation (5) holds for n then it holds for n + 1, so that the statement in Theorem 2.7 follows by induction. Indeed one has 
αj Xs
=
(where in (9) we have used that the distribution of X f ti+1 − X f ti is the same as the one of (13) we have used that the process is independent of the process X, in (9) we have used the induction hypothesis, and in (14) we have used (6)- (8) 
is the "canonical process corresponding to the finitedimensional distributions of (X f t ) t≥0 ".
GENERATION OF SUBORDINATE SYMMETRIC SUB-MARKOV SEMIGROUPS
Even if we assume that E is a Polish space Remarks 2.6, 2.8 do not completely inform us about the properties of the subordinate process (X f t ) t≥0 , e.g., whether there is an equivalent "nice" process, and about how the corresponding generator (L f , Dom(L f )) looks like. Also it should be clarified whether the process uniquely satisfies a martingale problem
, how this martingale looks like, e.g., whether it is driven by a non Gaussian white noise. In the case where E is locally compact we could however try to answer part of the above questions by classical methods. In fact for the construction of Hunt processes on locally compact spaces through the semigroup theory one usually proceeds by, e.g., proving the Feller property (and then use correspondence between Feller semigroups, Hunt processes and (classical) martingale problems (MPs) on such spaces). In the case where the state space is not locally compact, it is however not clear a priori in which form this correspondence holds. Below we shall provide answers to these questions. We recall that a contraction semigroup is symmetric iff its generator is positive and self-adjoint. Below we shall prove the following:
where
and P λ is the projection valued measure associated to the operator −L.
Remark 3.2
Characterizations of domains of generators L f of (non necessarily symmetric) subordinate (sub -Markov) semigroups have been given before (see e.g. [20] , [28] ). The symmetric case with X = IR d , f a complete Bernstein function, and L a pseudo -differential operator with symbol satisfying certain conditions is detailed discussed in [31] (Corollary 5.1). In [46] an extension in the direction of our Theorem 3.1 was given (even for general contraction semigroups in Banach spaces), using DunfordTaylor integrals, keeping the assumption that f is a complete Bernstein function (see, however, the note added in proof on p. 395 -which appeared after the results of the present paper were announced).
Proof (of the Theorem 3.1).
The proof is based on the following Prop. 3.3, 3.5 and Lemma 3.6, 3.7:
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GENERATION OF SUBORDINATE SYMMETRIC SUB-MARKOV SEMIGROUPS
Even if we assume that E is a Polish space Remarks 2.6, 2.8 do not completely inform us about the properties of the subordinate process (X f t ) t≥0 , e.g., whether there is an equivalent "nice" process, and about how the corresponding generator (L f , Dom(L f )) looks like. Also it should be clarified whether the process uniquely satisfies a martingale problem for (L f , D) on a "good" subset D ⊂ Dom(L f ), how this martingale looks like, e.g., whether it is driven by a non Gaussian white noise. In the case where E is locally compact we could however try to answer part of the above questions by classical methods. In fact for the construction of Hunt processes on locally compact spaces through the semigroup theory one usually proceeds by, e.g., proving the Feller property (and then use correspondence between Feller semigroups, Hunt processes and (classical) martingale problems (MPs) on such spaces). In the case where the state space is not locally compact, it is however not clear a priori in which form this correspondence holds. Below we shall provide answers to these questions. We recall that a contraction semigroup is symmetric iff its generator is positive and self-adjoint. Below we shall prove the following:
m). Let f be a Bernstein function and let Dom(L f ) be the generator of the subordinate sub -Markov semigroup
Remark 3.2
Proof (of the Theorem 3.1). The proof is based on the following Prop. 3.3, 3.5 and Lemma 3.6, 3.7: 
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We remark that b) follows from a)
To prove Proposition 3.5 we need the following Lemma 
ii) there are two constants c 2 ≥ 0 and
Proof. One has the representation
Moreover we use the following remark: to prove that a non negative measure µ f on (0, ∞) satisfies condition ( 3) (in the definition of Bernstein function) is equivalent to prove that the following two conditions hold:
and
It follows then that
with
Inequality (24) implies also i), as seen using the spectral theorem for f (−L), resp. −L.
To prove Proposition 3.5 we need the following Lemma Lemma 3. 6 The following properties hold i) there are two constants c ≥ 0 and K ≥ 0 such that
Moreover from (24) also property ii) follows, as the spectral theorem and the properties of the projective measures P λ imply that for any Borel function g :
(see, e.g., [35] Chap. VI §2). iii) is then an immediate consequence of ii). The lemma is proved.
From (18), (2) it follows, for such φ, ψ,
We shall prove
so that we can apply Fubini's theorem to the last term in (31), obtaining then
Proof of (32):
= −(Lφ, ψ)
Using the relation between generators and semigroups we obtain
so that (38) becomes (29) . In fact (39) is a consequence of the following inequality
Subordination of symmetric quasi -regular Dirichlet forms 23 Moreover from (24) also property ii) follows, as the spectral theorem and the properties of the projective measures P λ imply that for any Borel function g :
so that (38) becomes (29) . In fact (39) is a consequence of the following inequality which is proven as follows
where we used the contraction property of (T t ) t≥0 . Proposition 3.5 is proved.
We will use Proposition 3.5 to prove the following
, due to Lemma 3.6, ii). The statement follows then from Proposition 3.5.
Theorem 3.1 is easily proved by Lemma 3.7, since there is a unique closed self-adjoint extension
, so that equation (16 ) holds. Theorem 3.1 is proved.
We now prove that the property of being essentially self -adjoint of (L,
CLOSABILITY OF SUBORDINATE DIRICHLET FORMS
We shall consider subordination of symmetric sub -Markov semigroups
, with (E, B, m) a given measure space. From the general theory of semigroups (T t ) t≥0 as above (see e.g. [35] , [26] , [27] , [37] ) we know that the generator L of (T t ) t≥0 is a densely defined, self-adjoint, negative-definite Dirichlet operator (see e.g. [19] , [37] Chapt. I for the definition of Dirichlet operator), and viceversa, any Dirichlet operator is the generator of a symmetric sub -Markov semigroup ( [19] ). (To simplify notations, from now on we simply write A for an operator, with the understanding that A has definition domain D(A). If A is taken on another domain we specify it. We also make the same convention for bilinear forms.) Moreover Dirichlet operators are also in one -to -one correspondence with symmetric Dirichlet forms (DFs) E on L 2 (E, m), the relation being given by
E is by definition the Dirichlet form corresponding to the semigroup (T t ) t≥0 generated by L. Moreover the following properties are well known:
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which is proven as follows
Theorem 3.8 [45] If D is an operator core for (L, Dom(L)) then it is also an operator
core for (−f (−L), Dom(f (−L)).
CLOSABILITY OF SUBORDINATE DIRICHLET FORMS
We 
Moreover the following properties hold:
We prove below (after Corollary 4.6) the following:
Remark 4.2 This theorem was announced with a short proof in [44] . In the meantime a paper by Okura appeared [41] which also contains a proof of Theorem 4.1 for locally compact separable metric spaces E.
Let us denote by · E 1 the norm induced by the form E 1 ≡ E + 1, i.e.
( u
Remark 4.3 Let D ⊂ Dom(E) then the following three statements are equivalent
is closable. This is easily seen from, e.g., [35] .
We recall that a symmetric positive bilinear form (E, D) is called closable if any Cauchy sequence in the norm · E 1 is convergent.
In other words property ii) in Theorem 4.1 gives us information about the closability of the subordinate Dirichlet form E f .
In order to prove Theorem 4.1 we need first to state and prove further results
Remark 4.4
Properties 2), 3) and 2'), 3') in this Section together with Proposition 3.3 and Lemma 3.6 easily imply the following properties
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Let us denote by · E 1 the norm induced by the form 
A further property is easily proven similarly as for Lemma 3.6., using (22)- (24) and the spectral theorem
Before proving this Proposition we give the following Corollary:
Proof (of Corollary 4.6). From properties i) and vi) it follows
so that Corollary 4.6 follows from Proposition 4.5 and the fact that
is self -adjoint and therefore also closed. Corollary 4.6 is proved.
Proof (of Proposition 4.5). Because of property v) Dom f (−L) is dense in Dom( f (−L)).
By property 2') and an 
Subordinate quasi -regular (regular) Dirichlet forms
From now on we assume that E is a Hausdorff topological space, B = B(E) = σ(C(E)), with B(E) the Borel σ -algebra, C(E) the set of continuous functions on E, and m a σ-finite, positive measure on (E, B(E)). It is known that if the Dirichlet form
E is a "quasi -regular" Dirichlet form (q.r. D.F.) [37] , the process "properly associated" to E (or equivalently to the corresponding sub -Markov semigroup) is an m -tight special standard process , and has in particular the "nice" properties of being a càdlàg process which is also quasi -left continuous and strong Markov. We give here some more details about this relation, which are needed for the concrete construction of subordinate processes. (For a more systematic presentation of all concepts related to Dirichlet forms, and their origin in potential theory, we refer to [37] . For a shorter survey and newer applications see [1] ). We do not however give here the definition of "m -tight special standard process". We just mention that it is a suitable substitute in the case of an infinite dimensional state space E of the corresponding concept of Hunt process used for locally compact spaces. In fact, in the special case where the state space is locally compact, and the life time of the process M is infinite, one has 
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Proof (of Corollary 4.6). From properties i) and vi) it follows
Proof (of Proposition 4.5). Because of property v) Dom f (−L) is dense in Dom( f (−L)).
Subordinate quasi -regular (regular) Dirichlet forms
From now on we assume that E is a Hausdorff topological space, B = B(E) = σ(C(E)), with B(E) the Borel σ -algebra, C(E) the set of continuous functions on E, and m a σ-finite, positive measure on (E, B(E)). It is known that if the Dirichlet form
E is a "quasi -regular" Dirichlet form (q.r. D.F.) [37] , the process "properly associated" to E (or equivalently to the corresponding sub -Markov semigroup) is an m -tight special standard process , and has in particular the "nice" properties of being a càdlàg process which is also quasi -left continuous and strong Markov. We give here some more details about this relation, which are needed for the concrete construction of subordinate processes. (For a more systematic presentation of all concepts related to Dirichlet forms, and their origin in potential theory, we refer to [37] . For a shorter survey and newer applications see [1] ). We do not however give here the definition of "m -tight special standard process". We just mention that it is a suitable substitute in the case of an infinite dimensional state space E of the corresponding concept of Hunt process used for locally compact spaces. In fact, in the special case where the state space is locally compact, and the life time of the process M is infinite, one has that M is a Hunt process (see e.g. [15] ) and the corresponding q.r. DF E is a regular DF. (Viceversa if E is locally compact, a regular DF on L 2 (E, m) is always q.r. and the corresponding Hunt process on E ∆ = E ∪ ∆, with E ∆ the one -point compactification of E, is an m-tight special standard process). To introduce the concept of q.r. D.F., we need some more definitions.
Definition 4.7 (Capacity). Given an open set A ⊂ E , the capacity Cap E (A) of A with respect to the Dirichlet form (E, Dom(E) is given by
If N is any subset of E then
where O is the collection of open subsets of E.
The sets N with Cap E (N ) = 0 are precisely the sets which are never reached by the corresponding process. Moreover if Cap E (N ) = 0 then m(N ) = 0 (but not viceversa in general). If a property holds outside such a set one says the property holds quasi -everywhere (q.e.).
Definition 4.8 (E -Nest). An increasing sequence (F
where F c k is the complementary set of F k , and (F k ) k∈I N is an E -nest.
Remark 4.10 N ⊂ E is E-exceptional iff Cap
E (N ) = 0. For this see, e.g., [26] .
Definition 4.11 (E -quasi -continuous function
there exists an open set G such that Cap E (G) < and φ| G c is continuous. For this see, e.g., [26] .
andφ is E -quasi -continuous.
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27 that M is a Hunt process (see e.g. [15] ) and the corresponding q.r. DF E is a regular DF. (Viceversa if E is locally compact, a regular DF on L 2 (E, m) is always q.r. and the corresponding Hunt process on E ∆ = E ∪ ∆, with E ∆ the one -point compactification of E, is an m-tight special standard process). To introduce the concept of q.r. D.F., we need some more definitions.
Definition 4.7 (Capacity).
Given an open set A ⊂ E , the capacity Cap E (A) of A with respect to the Dirichlet form (E, Dom(E) is given by
Definition 4.8 (E -Nest). An increasing sequence (F
Remark 4.10 N ⊂ E is E-exceptional iff Cap
Definition 4.11 (E -quasi -continuous function
andφ is E -quasi -continuous. 3) there exists a sequence (φ n ) n∈I N with φ n ∈ Dom(E), having E -quasi -continuous m -versionsφ n , and an E -exceptional set N ⊂ E such that {φ n , n ∈ IN } separates the points of E\N . Theorem 4.15 (see [37] ) Let E be a quasi -regular Dirichlet form on L 2 (E, m), then up to m -equivalence there is a unique m -tight special standard process
on the extended space E ∆ adapted to the natural filtration (F t ) t≥0 such that M is properly associated with (E, DomE). Proof. The proof is an easy consequence of the following Lemma, and the subsequent remarks.
Lemma 4.17 There is a constant C ≥ 0 such that for any subset
Proof. From Lemma 3.6 it follows that there is a constant
(where E
). This implies inequality (58). Lemma 4.17 is proved.
Remark 4.18 From Lemma 4.17 it follows in particular that i) any E-nest is also an
Applying Remark 4.18 we see immediately that Properties 1) and 3) in Definition 4.14 follow. Proof. The proof is an easy consequence of the following Lemma, and the subsequent remarks.
Lemma 4.17 There is a constant
Remark 4.18 From Lemma 4.17 it follows in particular that
Applying Remark 4.18 we see immediately that Properties 1) and 3) in Definition 4.14 follow.
Proof (of property 2 in Definition 4.14). By hypothesis there exists an · 1 -dense subset D of Dom(E) whose elements have an E -quasi -continuous version. By Remark 4.18 , if φ ∈ D then φ has also an E
The property is proved.
Non local DFs obtained by subordination of local DF's
In recent years an important use has been made of DFs in the construction of (strong) local DFs and the corresponding diffusion processes (see, e.g., [1] , [2] , [3] , [6] , [5] , [4] , [49] ). For the following definitions and results see [37] .
Definition 4.19 (Diffusion process)
A diffusion process is an m -tight special standard process which satisfies the following property: From the following Proposition it follows that the subordinate of a local quasi regular Dirichlet form (i.e. the Dirichlet form corresponding to the subordinate semigroup) is a non local quasi regular Dirichlet form (i.e. a quasi regular Dirichlet form which is not local). The m -tight special standard process M f properly associated to it is then a process with jumps.
Definition 4.21 Local Dirichlet form
A Dirichlet form E is local if E(u, v) = 0, for all u, v ∈ Dom(E) with supp [u] ∩ supp [v] = ∅
Proposition 4.24 Suppose that E is a symmetric, quasi -regular, local Dirichlet form on
Proof. From Proposition 3.3 we know that
and from equation (39 ) 
Non local DFs obtained by subordination of local DF's
In recent years an important use has been made of DFs in the construction of (strong) local DFs and the corresponding diffusion processes (see, e.g., [1] , [2] , [3] , [6] , [5] , [4] , [49] ). For the following definitions and results see [37] . Definition 4.19 (Diffusion process) A diffusion process is an m -tight special standard process which satisfies the following property: From the following Proposition it follows that the subordinate of a local quasi regular Dirichlet form (i.e. the Dirichlet form corresponding to the subordinate semigroup) is a non local quasi regular Dirichlet form (i.e. a quasi regular Dirichlet form which is not local). The m -tight special standard process M f properly associated to it is then a process with jumps.
Definition 4.21 Local Dirichlet form
Proposition 4.24 Suppose that E is a symmetric, quasi -regular, local Dirichlet form
and from equation (39 ) it follows
By hypothesis however (φ,
so that
and the Proposition follows then by the strong continuity of (T t ) t≥0 . Proposition 4.24 is proved.
Remark 4.25
The subordinate Dirichlet form E f of a non local Dirichlet form E is non local. This can be proven easily using (20) , (47), (48) and Remark 2.2.1, vi).
"Nice" processes characterized by the corresponding martingale problems
In this Section we first recall the decomposition theorem for additive functionals related to quasi -regular Dirichlet forms (Theorem 4.26) as well as Theorem 4.28 where the corresponding (continuous) quadratic variation is given. (Theorem 4.28 is proven in [8] .) These are then used to prove Theorem 4.33, which characterizes the subordinate processes in terms of the unique solutions of the corresponding martingale problems on the sets of essentially self -adjointness of the starting generator, for which subordination is performed.
Let u ∈ Dom(E) and
whereũ is an E -quasi continuous version of u ∈ Dom(E) , then (A 
where with e(A) we denote the energy of the AF (A t ) t≥0 , i.e.
e(A) := lim
and with
z ∈ E and all t ≥ 0} By hypothesis however (φ, Lψ) = 0, so that E f (φ, ψ) = 0 implies
Remark 4.25
The subordinate Dirichlet form E f of a non local Dirichlet form E is non local. This can be proven easily using (20) , (47), (48) [8] .) These are then used to prove Theorem 4.33, which characterizes the subordinate processes in terms of the unique solutions of the corresponding martingale problems on the sets of essentially self -adjointness of the starting generator, for which subordination is performed.
be an m -tight special standard process properly associated to (E, Dom(E)) Let u ∈ Dom(E) and
, such that
and with 
is a square integrable martingale [26] , [27] , [37] , and the (continuous part of) the quadratic variation < M [u] > t is a positive continuous additive functional (PCAF).
-If u ∈ Dom(L), thenũ(X t ) −ũ(X 0 ) is a semimartingale, and
On the other hand, < M [u] > t can be computed by means of the following theorem proven in [8] and announced in [9] , [44] which extends [4] (from the case of classical Dirichlet forms to more general Dirichlet forms):
Remark 4.29
In the case of locally compact spaces E this was already discussed e.g. in [23] . In [19] [19] .
The theory of DFs provides the possibility to characterize m-tight special standard processes by proving the existence and uniqueness of the solution to the corresponding martingale problems. In fact if "Markov uniqueness" (see [7] , [24] for this concept)
where E is a quasi regular Dirichlet form, then the m -tight special standard process properly associated to E uniquely solves the martingale problem for the generators L on D [7] . If E is a symmetric quasi -regular DF Markov uniqueness for (E, D) is garanteed in case (L, D) satisfies the stronger property of being essentially self -adjoint. We reformulate the statement here only for this case, and refer to [7] for the general case where Markov uniqueness holds. 
Definition 4.30 ( MP for (L, D).) Let E be a symmetric quasi -regular Dirichlet form with generator
is a semimartingale, and
Remark 4.29 In the case of locally compact spaces E this was already discussed e.g.
in [23] . In [19] [19] .
It is well known (see e.g. [43] , [19] ) that the Hermite polynomials :
which is the direct sum of the subspaces
This decomposition is called the "chaos decomposition". Moreover the following results are well known (see e.g. [19] , [6] , [30] , [40] 
where all the sums are converging in the norm · L 2 (µa) . 
Let T a t be the semigroup associated to E a . It is well known that e −nat J a n (u)(ω),
(IR, µ a ) :
Dom(E
where all the sums are converging in the norm · , H a ) . From the decomposition theorem applied to u(x) = x and further results in [4] , where the theory of Dirichlet forms is applied, it follows in particular that there is an E a -exceptional set N , such that ∀x ∈ E \ N , ω ∈ Ω.
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From Theorem 4.31 it follows that (X t ) t≥0 is the unique solution of the initial value problem (90), (91) for every x ∈ E \ N . It is well known that X t has a version with continuous paths (as seen, e.g., by Kolmogorov -Prohorov criterium), that can be started at every point x ∈ IR. See e.g. [10] , [43] .
Of course, in this case, stronger results (uniqueness of strong solutions of (90),(91) on the Wiener space) can be obtained by using more "classical" methods (see e.g. [10] , [43] ), rather than the theory of Dirichlet forms, but our aim was just to provide a simple illustration of our methods. , H a ) . From the decomposition theorem applied to u(x) = x and further results in [4] , where the theory of Dirichlet forms is applied, it follows in particular that there is an E a -exceptional set N , such that ∀x ∈ E \ N , ω ∈ Ω.
With the notations dy and B t (ω) ∈ C(IR + ∈ IR) for every ω ∈ Ω). Moreover
Of course, in this case, stronger results (uniqueness of strong solutions of (90),(91) on the Wiener space) can be obtained by using more "classical" methods (see e.g. [10] , [43] ), rather than the theory of Dirichlet forms, but our aim was just to provide a simple illustration of our methods. In [8] we also proved corresponding results for generalized Ornstein -Uhlenbeck processes on abstract Wiener spaces resp. on the the space of tempered distributions S (IR d ). We also constructed the corresponding stochastic differential equations and proved uniqueness of the pathwise solutions of the corresponding initial valued problems, with the solutions being uniquely defined by the finite dimensional projections.
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